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Abstract
We discover new Voronoi formulae for automorphic forms on GL(n) for
n ≥ 4. There are [n/2] different Voronoi formulae on GL(n), which are Poisson
summation formulae weighted by Fourier coefficients of the automorphic form
with twists by some hyper-Kloosterman sums.
MSC: 11F30 (Primary), 11F55 (Secondary)
1 Introduction
A Voronoi summation formula of an automorphic form is a Poisson summation for-
mula weighted by Fourier coefficients of the automorphic form with twists by some
additive arithmetic functions. The Voronoi formula of an automorphic form on GL(2)
is well known and has a lot of application.
A Voronoi formula of an automorphic form on GL(3) was firstly proved by Miller
and Schmid in [MiSc1]. Later, a Voronoi formula was established for GL(n) for n ≥ 4
in [MiSc2], [GoLi1], and [GoLi2]. An adelic version was established in [IcTe]. The
Voronoi formula has important application, such as a nontrivial bound on the expo-
nential sum in [Mi] and subconvexity bounds in [Li].
More recently, Li and Miller established a different type of Voronoi formula on
GL(4)1. Their formula is an equality between a weighted sum of Fourier coefficients of
an automorphic form on GL(4) and a dual sum, both twisted by classical Kloosterman
sums. This formula is different from those in [MiSc2], [GoLi1], [GoLi2], and [IcTe] and
inspires us to develop this paper.
In this paper, we discover more Voronoi formulae on GL(n) when n ≥ 4. One
of these new formulae overlaps the formula of Li and Miller. Our formula on GL(n)
is an equality between a sum of Fourier coefficients of an automorphic form twisted
by hyper-Kloosterman sums of dimension (k − 1) and a dual sum twisted by hyper-
Kloosterman sums of dimension (n− k− 1). The Voronoi formula of [MiSc1], [MiSc2],
[GoLi1], and [GoLi2] are the case of k = 1. Li and Miller’s Voronoi formula on GL(4)
is the case of n = 4 and k = 2. For an automorphic form on GL(n), there are [n/2]
different Voronoi formulae, which correspond to k = 1, . . . , [n/2] respectively.
1Their result was announced at Representation Theory, Automorphic Forms, and Complex Geometry, a
conference in honor of the 70th birthday of Wilfried Schmid in May 2013. The slides of Li’s talk are available
in the link: http://www.math.harvard.edu/conferences/schmid_2013/docs/li.pdf
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For an integer k ≥ 1 define the (k− 1)-dimensional hyper-Kloosterman sum by
Klk(m, q) = ∑
x1,...,xk−1 mod q
(x1,q)=···=(xk−1,q)=1
e
(
x1 + · · ·+ xk−1 +mx1 . . . xk−1
q
)
for a prime number q. We state our formulae in the following.
Theorem 1.1. Let pi be an even Maass cusp form for SL(n,Z) of the spectral parameter
(λ1, . . . , λn) ∈ C
n and n ≥ 2. Let A(m1, . . . ,mn−1) be the Fourier coefficient of pi. Let
ω ∈ C∞c (0,∞) be a test function with ω˜ its Mellin transform and let q be a prime number, a
and a two integers with aa ≡ 1 mod q. For 1 ≤ k ≤ n− 1, we have
∞
∑
m=1
A(1, . . . , 1,m)Klk(am, q)ω(m)
+ ∑
2≤l≤k
∞
∑
m=1
(−1)l+kql−1A(1, . . . , 1,
position l︷ ︸︸ ︷
q, 1, . . . , 1,m)ω
(
mql
)
=
qk
2
∞
∑
m=1
A(m, 1, . . . , 1)
m
×
(
Kln−k(a¯m, q) (Ω+ + Ω−)
(
m
qn
)
+ Kln−k(−a¯m, q) (Ω+ −Ω−)
(
m
qn
))
+ ∑
2≤l≤n−k
∞
∑
m=1
(−1)n−k+lqk−1
A(
position l︷ ︸︸ ︷
m, 1, . . . , 1, q, 1, . . . , 1)
m
Ω+
(
m
qn−l
)
,
where Ω± is defined as
Ω+(x) =
1
2pii
∫
ℜs=−σ
ω˜(s)pi−n(1/2−s)
n
∏
j=1
Γ
(
1− s− λj
2
)
Γ
(
s− λj
2
)−1
xs ds
and
Ω−(x) =
1
2pii
∫
ℜs=−σ
ω˜(s)i−npi−n(1/2−s)
n
∏
j=1
Γ
(
2− s− λj
2
)
Γ
(
s+ 1− λj
2
)−1
xs ds.
Proof. This is literally the sum of Theorem 3.5 and Theorem 4.2.
Our proof is based on the functional equations of the twisted L-functions of pi by
(multiplicative) Dirichlet characters. The relationship between the Voronoi formulae
and the functional equations of L-functions is known to experts. The same method
was used in Section 4 of [GoLi1] and in proving Lemma 1.3 in [BuKh] for a special
case on GL(3).
Our proof does not depend on automorphicity but depends only on the family of
the functional equations of GL(1)-twisted L-functions. Functional equations of GL(1)
twists are consequences of automorphicity but they do not imply automorphicity on
2
GL(n) when n ≥ 3. In view of the converse theorem on GL(n) of Cogdell and Piatetski-
Shapiro [CoPS], a proof based on GL(1)-twisted functional equations is stronger than
a proof based on automorphicity.
Our theorem and proof can be easily applied to many conjectural functorial
lifts. For example, although the Rankin-Selberg convolutions on GL(m)×GL(n)
are not generally known to be automorphic on GL(m × n), except the few cases of
GL(2)×GL(2) and GL(2)×GL(3), the functional equations of GL(m)×GL(n)×GL(1)
are well known. Thus, we have the Voronoi formulae for the Rankin-Selberg con-
volutions on GL(m)×GL(n). Considering the Langlands-Shahidi method and the
general Rankin-Selberg method, there are numerous functorial cases to have Voronoi
formulae without being known to be automorphic.
The obvious weakness of our result is that the denominator q in the hyper-
Kloosterman sums has to be a prime number. More general formulae with arbitrary
integer q awaits exploration.
Acknowledgment
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2 Background
Let pi be an even Maass cusp form for SL(n,Z) with the spectral parameter
(λ1, . . . , λn) ∈ C
n. Let A(∗, . . . , ∗) be the Fourier-Whittaker coefficient of pi. We have
A(±m1, . . . ,±mn−1) = A(m1, . . . ,mn−1),
A(m1, . . . ,mn−1) = A(mn−1, . . . ,m1),
and A(1, . . . , 1) = 1. We refer to [Go] for the definitions and the basic results of Maass
forms for SL(n,Z). The dual (contragredient) Maass form of pi is denoted by p˜i. Let
B(∗, . . . , ∗) be the Fourier-Whittaker coefficient of p˜i and we have
A(m1, . . . ,mn−1) = B(mn−1, . . . ,m1).
The standard L-function of pi is
L(s,pi) =
∞
∑
m=1
A(1, . . . , 1,m)
ms
.
It satisfies the functional equation
L(s,pi) = G+(s)L(1− s, p˜i), (1)
where
G+(s) = pi
−n(1/2−s)
n
∏
j=1
Γ
(
1− s− λj
2
)
Γ
(
s− λj
2
)−1
.
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Let q be a prime number. Let ψ be a nontrivial Dirichlet character mod q and τ(ψ)
its Gauss sum. The ψ-twisted L-function is
L(s,pi × ψ) =
∞
∑
m=1
ψ(m)A(1, . . . , 1,m)
ms
.
Let k be an integer with 1 ≤ k ≤ n − 1. In the case of ψ(−1) = 1, the twisted
L-function satisfies the functional equation
L(s,pi × ψ) = τ(ψ)nq−nsG+(s)L(1− s, p˜i × ψ¯),
which can be rewritten as
τ(ψ¯)kL(s,pi × ψ) = τ(ψ)n−kqk−nsG+(s)L(1− s, p˜i × ψ¯). (2)
In the case of ψ(−1) = −1, the twisted L-function satisfies the functional equation
L(s,pi × ψ) = τ(ψ)nq−nsG−(s)L(1− s, p˜i × ψ¯),
which can be rewritten as
τ(ψ¯)kL(s,pi × ψ) = τ(ψ)n−kqk−nsG−(s)L(1− s, p˜i × ψ¯), (3)
where
G−(s) = i
−npi−n(1/2−s)
n
∏
j=1
Γ
(
2− s− λj
2
)
Γ
(
s+ 1− λj
2
)−1
.
2.1 Hyper-Kloosterman Sums
Let q be a prime number. For abbreviation, we define e(x) = exp(2piix). Let k be a
positive integer. The (k− 1)-dimensional hyper-Kloosterman sum is defined as
Klk(m, q) = ∑
x1,...,xk−1 mod q
(x1,q)=···=(xk−1,q)=1
e
(
x1 + · · ·+ xk−1 +mx1 . . . xk−1
q
)
and we shall note that if q|m,
Klk(m, q) = (−1)
k−1. (4)
In the degenerate case of k = 1, we have the additive character
Kl1(m, q) = e
(
m
q
)
.
When k = 2, the 1-dimensional hyper-Kloosterman sum is identical to the classical
Kloosterman sum.
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We define ∑ ∗
ψ mod q
as the summation over nontrivial Dirichlet characters ψ of mod
q. It is known
∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ)kψ¯(m) =
{
q−1
2 (Klk(m, q) + Klk(−m, q))− (−1)
k, if (m, q) = 1
0, otherwise.
(5)
It is also known
∑ ∗
ψ mod q
ψ(−1)=−1
τ(ψ)kψ¯(m) =
q− 1
2
(Klk(m, q)− Klk(−m, q)) . (6)
We will use the family of (multiplicative) Dirichlet characters to recover the additive
characters and the hyper-Kloosterman sums by the two formulae above.
3 Even Part
Let q be a prime number, a and a two integers with aa ≡ 1 mod q. Let k be an integer
and 1 ≤ k ≤ n− 1.
Define two Dirichlet series
Lq(s,pi) = ∑
q|m,m>0
A(1, . . . , 1,m)
ms
and
Lq(s, p˜i) = ∑
q|m,m>0
A(m, 1, . . . , 1)
ms
.
Define two Dirichlet series
Z(s, q) = ∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ¯)kψ(a)L(s,pi × ψ) + (−1)k
(
L(s,pi)− qLq(s,pi)
)
and
Z˜(s, q) = ∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ)n−kψ(a)L(s, p˜i × ψ¯) + (−1)n−k
(
L(s, p˜i)− qLq(s, p˜i)
)
.
Lemma 3.1. We have the identities
Z(s, q) =
1
2
∞
∑
m=1
(Klk(am, q) + Klk(−am, q))
A(1, . . . , 1,m)
ms
and
Z˜(s, q) =
1
2
∞
∑
m=1
(Kln−k(a¯m, q) + Kln−k(−a¯m, q))
A(m, 1, . . . , 1)
ms
.
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Proof. This follows from (4) and (5),
For 1 ≤ l ≤ n− 1, define a Dirichlet polynomial
Hl(s, q) =
n−1
∑
i=l
(−1)i
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1)
qis
+
(−1)n
qns
,
where q appears on the ith position from the right. We define another Dirichlet poly-
nomial
H˜l(s, q) =
n−1
∑
i=l
(−1)i
A(
position i︷ ︸︸ ︷
1, . . . , 1, q, 1, . . . , 1)
qis
+
(−1)n
qns
,
where q appears on the ith position from the left.
Lemma 3.2. We have the identities
L(s,pi)Hl(s, q) = (−1)
l
∞
∑
m=1
A(1, . . . , 1,
position l︷ ︸︸ ︷
q, 1, . . . , 1,m)
qlsms
(7)
for 2 ≤ l ≤ n− 1 and
L(s,pi)H1(s, q) = −Lq(s,pi). (8)
Proof. By the Hecke relation
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1)A(1, . . . , 1,m)
=


A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1,m) + A(1, . . . , 1,
position i+1︷ ︸︸ ︷
q, 1, . . . , 1,m/q), if q|m
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1,m), otherwise,
we have (7) for 2 ≤ l ≤ n− 2 after multiplying the Dirichlet series L(s,pi)Hl(s) term
by term. Similarly, by the Hecke relation
A(1, . . . , 1, q)A(1, . . . , 1,m) =
{
A(1, . . . , 1,mq) + A(1, . . . , 1, q,m/q), if q|m
A(1, . . . , 1,mq), otherwise,
and
A(q, 1, . . . , 1)A(1, . . . , 1,m) =
{
A(q, 1, . . . , 1,m) + A(1, . . . , 1,m/q), if q|m
A(q, 1, . . . , 1,m), otherwise,
we have (8), and (7) for l = n− 1, respectively.
By a similar proof, we have the following lemma for p˜i.
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Lemma 3.3. We have the identities
L(s, p˜i)H˜l(s, q) = (−1)
l
∞
∑
m=1
A(
position l︷ ︸︸ ︷
m, 1, . . . , 1, q, 1, . . . , 1)
qlsms
for 2 ≤ l ≤ n− 1 and
L(s, p˜i)H˜1(s, q) = −Lq(s, p˜i).
Lemma 3.4. We have the following identity between Dirichlet polynomials
1
q
+ H1(s, q) + ∑
2≤l≤k
(ql−1− ql−2)Hl(s, q)
= (−1)nqk−ns
(
1
q
+ H˜1(1− s, q) + ∑
2≤l≤n−k
(ql−1− ql−2)H˜l(1− s, q)
)
.
Proof. The left side equals
1
q
+
n−1
∑
i=1
(−1)iqmin{i,k}−1
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1)
qis
+
(−1)nqk−1
qns
.
The right side equals
1
q
+
n−1
∑
i=1
(−1)iqmin{i,n−k}−1
A(
position i︷ ︸︸ ︷
1, . . . , 1, q, 1, . . . , 1)
qi−is
+
(−1)nqn−k−1
qn−ns
=
1
q
+
n−1
∑
i=1
(−1)n−iqmin{n−i,n−k}−1
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1)
q(n−i)−(n−i)s
+
(−1)nqn−k−1
qn−ns
=
(−1)nq−k−1
q−ns
+
n−1
∑
i=1
(−1)n−iqmin{0,i−k}−1
A(1, . . . , 1,
position i︷ ︸︸ ︷
q, 1, . . . , 1)
q−(n−i)s
+
1
q
After multiplying (−1)nqk−ns, we match term by term with the left side.
3.1 Theorem 3.5
Let ω(x) ∈ C∞c (0,∞) be a test function. Let
ω˜(s) =
∫ ∞
0
ω(x)xs−1 dx
be the Mellin transform of ω. Define
Ω+(x) =
1
2pii
∫
ℜs=−σ
ω˜(s)G+(s)x
s ds. (9)
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We have the Mellin inversion theorem
ω(x) =
1
2pii
∫
ℜs=σ
x−sω˜(s) ds. (10)
Theorem 3.5. Let pi be an even Maass cusp form for SL(n,Z) with n ≥ 2. Let
A(m1, . . . ,mn−1) be the Fourier coefficient of pi. Let ω ∈ C
∞
c (0,∞) be a test function and let
q be a prime number, a and a two integers with aa ≡ 1 mod q. For 1 ≤ k ≤ n− 1, we have
1
2
∞
∑
m=1
A(1, . . . , 1,m) (Klk(am, q) + Klk(−am, q)) ω(m)
+ ∑
2≤l≤k
∞
∑
m=1
(−1)l+kql−1A(1, . . . , 1,
position l︷ ︸︸ ︷
q, 1, . . . , 1,m)ω
(
mql
)
=
qk
2
∞
∑
m=1
A(m, 1, . . . , 1)
m
(Kln−k(a¯m, q) + Kln−k(−a¯m, q)) Ω+
(
m
qn
)
+ ∑
2≤l≤n−k
∞
∑
m=1
(−1)n−k+lqk−1
A(
position l︷ ︸︸ ︷
m, 1, . . . , 1, q, 1, . . . , 1)
m
Ω+
(
m
qn−l
)
,
where Ω+ is defined in (9).
Proof. By the functional equations (1) and (2) and Lemma 3.4, we have
Z(s, q) + (−1)kq ∑
2≤l≤k
(ql−1 − ql−2)Hl(s, q)L(s,pi)
= ∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ¯)kψ(a)L(s,pi × ψ)
+ (−1)k
(
L(s,pi)− qLq(s,pi) + q ∑
2≤l≤k
(ql−1− ql−2)Hl(s, q)L(s,pi)
)
= ∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ¯)kψ(a)L(s,pi × ψ)
+ (−1)kq
(
1
q
+ H1(s, q) + ∑
2≤l≤k
(ql−1 − ql−2)Hl(s, q)
)
L(s,pi)
= ∑ ∗
ψ mod q
ψ(−1)=1
τ(ψ)n−kψ(a)qk−nsG+(s)L(1− s, p˜i × ψ¯)
+ (−1)n−kq
(
1
q
+ H˜1(1− s, q) + ∑
2≤l≤n−k
(ql−1− ql−2)H˜l(1− s, q)
)
qk−nsG+(s)L(1− s, p˜i)
= qk−nsG+(s)
(
Z˜(1− s, q) + (−1)n−kq ∑
2≤l≤n−k
(ql−1 − ql−2)H˜l(1− s, q)L(1− s, p˜i)
)
.
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Integrating on both ends with ω˜ and shifting the integral on the left from ℜs = −σ
to ℜs = σ, we have∫
ℜs=σ
(
Z(s, q) + (−1)kq ∑
2≤l≤k
(ql−1− ql−2)Hl(s, q)L(s,pi)
)
ω˜(s) ds
=
∫
ℜs=−σ
qk−nsG+(s)×(
Z˜(1− s, q) + (−1)n−kq ∑
2≤l≤n−k
(ql−1 − ql−2)H˜l(1− s, q)L(1− s, p˜i)
)
ω˜(s) ds.
Recalling Lemma 3.1, Lemma 3.2, and Lemma 3.3, we complete the proof with the
Mellin inversion (10).
4 Odd Part
Define
Y(s, q) = ∑ ∗
ψ mod q
ψ(−1)=−1
τ(ψ¯)kψ(a)L(s,pi × ψ)
and
Y˜(s, q) = ∑ ∗
ψ mod q
ψ(−1)=−1
τ(ψ¯)n−kψ(a)L(s, p˜i × ψ¯).
By the function equation (3), we have
Y(s, q) = qk−nsG−(s)Y˜(1− s, q). (11)
Lemma 4.1. We have the identities
Y(s, q) =
1
2
∞
∑
m=1
(Klk(am, q)− Klk(−am, q))
A(1, . . . , 1,m)
ms
and
Y˜(s, q) =
1
2
∞
∑
m=1
(Kln−k(a¯m, q)− Kln−k(−a¯m, q))
A(m, 1, . . . , 1)
ms
.
Proof. This follows from (3).
Let ω(x) ∈ C∞c (0,∞) be a test function. Let ω˜(s) =
∫ ∞
0 ω(x)x
s dx/x be its Mellin
transform. Define
Ω−(x) =
1
2pii
∫
ℜs=−σ
ω˜(s)G−(s)x
s ds. (12)
Integrating with ω˜ on both sides of (11) and shifting the integral on the left to ℜs = σ,
we get
1
2pii
∫
ℜs=σ
Y(s, q)ω˜(s) ds =
1
2pii
∫
ℜs=−σ
qk−nsG−(s)Y˜(1− s, q)ω˜(s) ds,
which, along with Lemma 4.1 and (10), gives us the following theorem.
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Theorem 4.2. Let pi be an even Maass cusp form for SL(n,Z) with n ≥ 2. Let
A(m1, . . . ,mn−1) be the Fourier coefficient of pi. Let ω ∈ C
∞
c (0,∞) be a test function and let
q be a prime number, a and a two integers with aa ≡ 1 mod q. For 1 ≤ k ≤ n− 1, we have
1
2
∞
∑
m=1
A(1, . . . , 1,m) (Klk(am, q)− Klk(−am, q)) ω(m)
=
qk
2
∞
∑
m=1
A(m, 1, . . . , 1)
m
(Kln−k(a¯m, q)− Kln−k(−a¯m, q)) Ω−
(
m
qn
)
,
where Ω− is defined in (12).
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